Single-photon interferometry with orbital angular momentum circumvents standard 

wave-particle duality 
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A polarized photon with well-defined orbital angular momentum that emerges 
from a Mach-Zehnder interferometer (MZI) is shown to circumvent wave- 
particle duality. Its polarization-resolved detection probability forms a non- 
sinusoidal interferometric pattern. For certain phase differences between the 
MZI arms, this pattern yields both reliable which-path information and high 
phase-sensitivity. 
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The wave-like behavior of single quantum particles 
is suppressed whenever we try to learn more about 
their complementary particle-like property. For two- 
path interferometers, e.g., the Mach-Zehnder interfer- 
ometer (MZI), a relation describing such complemen- 
tary behavior was derived 1 *^ and subsequently exper- 
imentally tested for massive particles 4 as well as for 
photons^. This relation sets an upper bound on possible 
joint observation of particle-like properties, quantified by 
the paths' distinguishability^^, and wave-like properties, 
quantified by the visibility, which is very closely related 
to the sensitivity of the fringes to small phase changes. 
This duality relation reduces to a tradeoff between our 
which- way and which-phase knowledge, the latter being 
our ability to discern different phase shifts between the 
MZI arms. In this Letter, we propose a scheme that is 
predicted to yield, counterintuitively, considerably more 
accurate results for simultaneous path-distinguishability 
and phase-sensitivity of a photon emerging from a MZI 
than those predicted by the conventional complementar- 
ity relation^. 

In refs. [fjUE we have introduced the concept of 
translational-internal entangled (TIE) states, wherein 
the entanglement between two non-degenerate orthogo- 
nal internal states of the particle and two different mo- 
mentum states, makes their superposition coefficients de- 
pendent on the path length x: 

|*TIE) = Ci|fci}|l}+C2|fc2>|2>, 

(x|*tie) = ci exp (i/cix)|l) + c 2 exp (ifc 2 a;)|2), (1) 

where c\, c 2 are the probability amplitudes and \k%) 
are the wavenumber (momentum) eigenstates. We as- 
sume that the total energy is the same for both terms 
in the superposition in ([1]). This ensures that no time- 
dependent oscillations of these terms take place. 

If a particle in TIE state (Q} traverses the MZI, its 
detection probability in one of the MZI output ports, 
e.g., the one labeled by (+), which receives the sum of 



the two arms' contributions, can be calculated to be&i 



1 cos {k\L) + |c 2 | 2 cos (fc 2 L) 



(2) 



where L is the arms'-length difference. This interference 
pattern is nonsinusoidal if |fci| ^ |fc 2 |. It may be con- 
veniently characterized by its slope or sensitivity with 
respect to small changes of the phase between the MZI 
arms, defined as^ 
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where fc max is the larger of k\ and fc 2 . 

An unusual feature of this scheme is the length de- 
pendence of the superposition in ((T|), which makes the 
internal state change with L. This fact may be used for 
obtaining which-way information: the distinguishability 
of the two ways 2 -^, as read from the internal state, is then 
found to be 



D = 2 



cic 2 sin 
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Equations ©-(HI) imply an unconventional tradeoff be- 
tween two usually complementary tasks, namely, our 
joint knowledge of the path and the phase shift between 
the MZI arms^i This may clearly be seen, e.g., for 
the case = 3fci: counter-intuitively, near the point 
kiL/ir — 0.5 the distinguishability is D w I while the 
slope (sensitivity) S of the interference fringe pattern at 
the same phase value is far from the expected 0, this 
yielding wave- like information. 

We have proposed£>Zi£ a possible realization of this TIE 
interferometry scheme using cold atoms in atomic waveg- 
uides. Although this realization is within current exper- 
imental possibilities, it still is quite challenging. 

In this Letter we propose a simpler analog to TIE inter- 
ferometry for a photon. The photon polarization defines 
its internal state, which determines, for well-defined or- 
bital angular momentum, the spatial phase accumulated 
in the MZI. 



2 



Let us assume a circularly polarized photon with spin 
angular momentum S = s% (s = ±1 for L, R polariza- 
tion, respectively). This photon may be endowed with 
well defined orbital angular momentum (OAM) L = 
lh, if the light beam is in cither a Lagucrrc-Gaussian 9 
LG l p or a pseudo-nondiffracting Bessel-Gaussian mode^ 
BG l . The field amplitude of the Laguerre-Gaussian mode 
LG l p (r, cj), z) or Bessel-Gaussian mode BG l (r, </>, z) is pro- 
portional to exp (il<j>), where <fi is the angular coordinate 
in the transverse plane of the beam. This exponential fac- 
tor is responsible for the well-defined OAM^ i 10 ' 11 . The 
total angular momentum per photon^ is then J = L + S . 
This fact guarantees (I + s)-fold rotational symmetry of 
the transverse electric field (see fig. [TJ. In other words, 
upon rotation of the beam through an angle a, the 
phase shift of the photon is exp + s)a]. This is the 




Fig. 1. An example of the rotational symmetry of the 
Laguerre-Gaussian beam LG l p . Vector plot of the trans- 
verse beam profile for p = 0, I — 2. The arrows rep- 
resent the electric field vector at a given time and fixed 
propagation length for (a) right-hand polarized photon 
(s = —1, 1-fold symmetry), (b) left-hand polarized pho- 
ton (s = +1, 3-fold symmetry). 

key to our ability to acquire 1-s correlated phase shifts 
exp + l)a], exp — l)a] with s = ±1, respectively. 

As in previous experiments^^ we propose to use two 
optical components to manipulate the beam, namely, a 
wave plate (WP) to mirror the photon's linear polariza- 
tion and a Dove prism to flip the spatial profile of the 
beam with respect to the prism's bottom face plane. To 
describe the action of these respective components on 
the beam, we use the notation LG l p = \l), and define the 
right-hand oriented basis as follows (see fig. El): a; is par- 
allel to the bottom phase plane of the unrotated prism, y 
is the outward normal to this plane, and z is parallel to 
the beam propagation direction, i.e. to the prism's longi- 
tudinal axis. When the Dove prism is rotated around the 
propagation direction through an angle a with respect to 
the x axis, its action on the state \l) is 

D(a)\l) = exp(i2la)\-l). (5) 

This can be deduced from the fact that a flip along 
the axis rotated through a causes the transformation 
<j) -> 2a - (j). 



During the passage of the photon through the prism, two 
refractions and a total reflection from the bottom face 
plane take place, affecting the polarization state of the 
photon, according to Fresnel's formula^. Here we rep- 
resent this action by the operator Pd = di&g(d x , d y ) , 
in the basis of linear-polarization states \x), \y) along x 
and y. The wave plate (WP) does not affect the beam 
profile, but does affect its polarization, via the operator 
Pw = di&g(w x ,w y ). The complex factors in Pw are 
unimodular, i.e., \w x \ = \w y \ = 1. 

Thus the joint action of the unrotated (a = 0) Dove 
prism and wave-plate on the input state is described by 

O = D(0)®P w P D . (6) 

The operator ^ is defined on the space spanned by 
states \l) (g> where \tp) is an arbitrary polarization 
state. 

After rotation of the Dove prism and the wave-plate 
around the z axis through an angle a, the operator Q 
is transformed (rotated) to 

O a =D(a) ®UP W P D U^ = 

D{a)®[al + bP HW (a)]. (7) 

Here, U = exp(-icrya), I is the identity operator, 
Phw(oO = UP-twU^ is a half- wave plate rotation 
(HWP), with Phw = diag(l, — 1); a, b are functions 
of d x , d y , w x , w x normalized by |et| 2 + \b\ 2 = 1. They 
can be made such that \b/a\ > 20. This ratio can be 
enlarged still further using antireflective coating of the 
prism. We can then eliminate the unwarranted influence 
of the al term in ([7]), safely neglecting \a\ <C 1 compared 
to |6| ~ 1. We then describe the action of (0) on the 
states \l) (8) \R(L)), where the right (left) polarized states 
are \R[L)) = (\x) T %))/V2, as 

D(a) ® Ptm(a)[\l) <g> |P)] = exp [i2{l - l)a]\-l) ® \L)], 
D(a) ®Phw(«)[|0 ® \L)] = exp [i2(l + l)a]\-l) <E> |P)].(8) 

One can see that after the passage through both rotated 
optical elements, the states \L), \R) acquire phase factors 
exp [i2(l ± l)a], respectively. We can then establish the 
correspondence with Eq. ([I]) for TIE states as follows 

|1) ^ \1)®\R), |2) <-» \1)®\L), 
kiL {I - l)a, k 2 L (I + l)a. (9) 

We may now proceed towards our goal: interferometry 
with polarized photons having well defined OAM. Let us 
use 

= 10® \4>) = \l) ® (Ci\R) + C2\L)) (10) 

as an input state of the MZI (see fig. [5]), where \ip) is a 
well-defined polarization state of the photon. Assuming 
the MZI arms length difference to be zero, the only fac- 
tors determining the interferometric phase are those of 
© due to rotations of the Dove prism and wave-plate 
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Fig. 2. Schematic plot of the proposed realization. A 
particular example of state (fit?)) . |Z) ® |x), is injected into 
the MZI, formed by two 50%-50% (nonpolarizing) beam 
splitters BS1 and BS2 and two mirrors. After passing 
the rotated Dove prism and wave-plate (WP), the linear 
polarization is rotated by a different angle in each arm, 
depending on the interferometric phase. This allows us to 
infer which-way information by measuring the resulting 
photon polarization in basis (|12p by detectors (+) and 
(-) after BS2. 



We may calculate the distinguishability in the same way 
as in Eq. (g]), to be 

D = 2 | Cl c 2 sin (a) | , for all I. (15) 

This distinguishability may be related, via the 
relatio n 1 ' 2 ^' 4 '^ D = 2L — 1, to the likelihood of a correct 
which-way guess 

£=|(+45|Vm)| 2 H(-45|^)| 2 . (16) 

The analogy of Eqs. ©, © and (13]), JI5J), on the one 
hand, and Eqs. (j4|) and (fl~5|) on the other, implies that we 
obtain for polarized photons with OAM the same unusual 
effects previously predicted for TIE states of massive 
particles^. Using beams with different OAM (topolog- 
ical charge) number 2, we can effectively vary the degree 
of "violation" of the standard complementarity as for 
TIE states with wavenumber ratios^ fca/^i = K - Namely, 
k = [— 1, 2, 3, oo ] correspond to I — [0, 3, 2, 1] (fig. [3]). 



around their joint axis (see fig. [2]). After the state (fTOj) 
passes BS1, we apply the transformations © to each 
arm, i.e. rotate the elements through angle a/4 in arm 
A and —a/4 in arm B. 

The polarization states in each arm just before BS2 
are then 



Wa) = P H w(a/4M, 
IV-b) = Phw(-«/4)|V), 



(11) 



To obtain which-way information from the MZI out- 
put, the optimal measurement of the photon polarization 
states is found to be in the basis rotated by ±45° relative 
to x only 



(12) 



|±45) = (|x)±|y))/V2 



This can be done by the use of polarizing beam splitters 
in front of the output detectors (+) and (-). Then, one of 
four detection events may occur for each photon, corre- 
sponding to |+> |+45), RI+45), |+)|-45), and |-)|-45) 
where |±) denote the states localized at ports (+) or (— ), 
respectively. Regardless whether |+) or |— ) is detected, 
when obtaining |+45), our guess is that the photon took 
arm A, and when |— 45), that the photon took arm B. 

The total detection probability (irrespective of polar- 
ization) at the (+) output port oscillates with a as 



1 |ci| 2 cos[(/- l)a] + |c 2 | 2 cos[(; + l)a] 



+ 2 2 

The corresponding sensitivity (slope) is given by 
2 dP+ 



(13) 
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sin [(l - l)a] + |c 2 | 2 sin [(Z + l)a] 
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Fig. 3. Detection probability P + (solid), phase sensi- 
tivity S (dotted) and distinguishability D (dashed) as a 
function of a for c\ = c 2 = l/v2> for: (a) I — (S and 
D are matching each other) and (b) I = 2 (Eqs. (|13M15|) ). 

In conclusion, we have proposed a setup which uses a 
Dove prism and a wave plate to manipulate the polariza- 
tion state of a photon in a beam with well defined orbital 
angular momentum (OAM). The rotation of both optical 
components causes the two orthogonal circular polariza- 
tions to acquire spatial phases with the ratio (l+l) / (2—1)) 
I being the topological charge of the beam. Using such 
a polarized photon with OAM as an input to a Mach- 
Zehnder interferometer (MZI) with arms of nearly equal 
length, we can concurrently guess which way the photon 
took in the MZI and which was the sign of a small phase 
shift between the MZI arms. Using our setup gives results 
far superior to those following from the standard com- 
plementarity relation 2 ^. For example, to detect a phase 
shift (2 + l)a w 10~ 2 requires 9 • 10 4 photons on average, 
for 1 = 2, among which less than one photon on aver- 
age will have the path determined incorrectly. Within 
the bounds of standard complementarity, we would need 
5.3 • 10 4 photons, out of which about 2.6 • 10 3 would have 
the path determined incorrectly^. 
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